
MATHEMATICAL MODELING OF BIOLOGY

HOMEWORK 5, DUE WEDNESDAY MARCH 19.

Modeling the Blood Harvest, Linear Edition
In class, we have developed the following model for Horseshoe Crabs and the “Blood Harvest.”
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We settled on the parameter values that are given in Table .

1. We first analyze the model without any harvest, setting h = 0. There is no need for the three-
dimensional system any longer, and we are left with the following:(
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Plug in the values from Table except for the juvenile death rate m. The only fixed point for
this system is extinction equilibrium (J∗, A∗) = (0, 0).
(a) Use Qualitative Analysis (determine stability using the trace-determinant plane) to deter-

mine the range of values for which the extinction equilibrium is unstable.
(b) Determine the stable age structure of this model.

Horseshoe Crab Properties

Quantity Label Value

Fraction of adults that are harvested each year h 0.2∗

Death rate of juveniles m 0.9∗

Graduation rate of juveniles g 0.1
Death rate of adults µA 0.1

Death rate of bled adults µB 0.2
Fecundity of Adults fA 10

Fecundity of Bled Adults fB 5
Fraction of adults that recover from being harvested r 0.8

Logistic decay factor b 1000

Table 1. Estimates of physical parameters. The starred values indicate that we
will be varying these particular values in the analysis of our model. One further
note about these parameters. The fecundity rates here are much, much lower than
what was estimated by Daniel. In order to make the problem a bit cleaner in this
assignment, we are essentially assuming that there is an extremely high death rate
in the first year (the transition from eggs to juveniles is hidden here) and then the
death fraction is 0.9 for all subsequent years.
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2. Now, set m = 0.9 and we will let h be our only variable. Use Qualitative Analysis on the
full three dimensional system to determine the range of values of h for which the extinction
equilibrium is unstable.

3. With the exception of perfectly balanced systems, linear models always have the problem that
the long term behavior is always exponential growth or exponential decay. We can address this as
modelers by introducing a nonlinear logistic growth term in the system. Based on the description
of the the real life scenario by Daniel Sasson, we know that when the horseshoe crab population
is very high, each adult has a reduced fecundity. We therefore propose the following model.
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At+1 = gJt + (1 − µA − h)At + rBt

Bt+1 = hAt + (1 − r − µB)Bt

(a) Once again, for the first part, we set the harvest rate h = 0 making this a two-dimensional
system. Plug in all values from Table except for the juvenile death rate m. Find all
equilibria of the system. For which values of m is there a fixed point (J∗, A∗) with both
J∗ > 0 and A∗ > 0. Determine the stability of this fixed point.

(b) (Not a required exercise. Only for those not faint of heart! ) Set the juvenile death rate to be
0.9 and determine the range of harvest rates h that result in a stable, positive equilibrium.

4. BONUS. (10 points) Perform qualitative analysis on your group’s model using the parameters
in Table . You may update your model to accommodate anything you have learned since you
first proposed it.
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