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In these notes, which replace the material in your textbook, we will learn a modern
view of analyzing systems of differential equations. The theory is very deep, and so we
will only be able to scratch the surface.

Figure 1: Two-dimensional systems can exhibit intricate and beautiful dynamics, and this
is just the beginning of the story!

The system depicted in Figure 1 is the following:

ẋ = 2x− y + 3(x2 − y2) + 2xy

ẏ = x− 3y− 3(x2 − y2) + 3xy
(1)

Obviously there is a lot to study in such a system. Our goal in this unit will be restricted
to the theme we encountered when we began the semester: namely, we want to do some
basic qualitative analysis of 2d systems by learning to

(i) find the equilibria of a system; and

(ii) determine their stability.
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1 Linear, constant-coefficient 2d systems of ODEs

Much as we did in Chapters 2 and 4, we begin by studying linear, homogeneous systems
with constant coefficients. In this setting x(t) and y(t) are both functions of time. We
write time derivatives interchangeably as dx

dt , x′ and ẋ. (The use of ẋ is an homage to
Newton’s notation for derivatives of position with respect to time.)

The general form is
ẋ(t) = ax(t) + by(t)

ẏ(t) = cx(t) + dy(t)
(2)

with x(0) = x0 and y(0) = y0.
We start our analysis with a silly example that will nevertheless help up understand

how higher dimensional systems can exhibit new and interesting dynamics that we do
not see in one dimension.

1.1 Lecture (10/25): Romeo and Juliet

This example appears in Steven Strogatz’s excellent text, “Nonlinear Dynamics and Chaos.”
Let x(t) denote Romeo’s feelings for Juliet and y(t) denotes Juliet’s feelings for Romeo.

We wish to analyze the long-term behavior of the system of ODEs defined by Equations
(2).

In order to understand the role of the various parameters, we need to conduct a few
thought experiments.

Understanding the parameter a

For the moment, let’s think about what would happen if Romeo has some initial impres-
sion of Juliet, x(0) = x0, which may be positive or negative, and then has no further
interaction with her. The most simple dichotomy is that either 1) his feelings for her
would fade over time, or 2) his feelings would pointlessly persist and possible grow. This
dichotomy is captured by the “Romeo-only” system

ẋ = ax, x(0) = x0.

We have seen in Chapter 2, that the solution to this system is

x(t) = x0eax.

In the long-run, this system has the following set of outcomes.
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� 1 Linear, constant-coefficient 2d systems of ODEs

a > 0 a < 0

x0 > 0 LOVE (x(t)→ ∞) INDIFFERENCE (x(t)→ 0)

x0 < 0 HATE (x(t)→ −∞) INDIFFERENCE (x(t)→ 0)

So a > 0 corresponds to feelings fading over time, and a > 0 results in an amplification
of feelings regardless of what Juliet does. The analogous parameter for Juliet is d.

Understanding the parameter b

First consider the case b > 0. We need to understand the impact of the term by on the
way that Romeo’s feelings are changing over time. Note that if Juliet has positive feelings
about Romeo (y > 0), then by > 0 and this has a positive impact on Romeo’s feelings
about Juliet. On the other hand, if Juliet has negative feelings about Romeo (y < 0) then
b > 0 implies by < 0. This will have a negative impact on Romeo’s feelings about Juliet.
So, when b > 0, Romeo’s feelings about Juliet will become more positive if she likes him
and will become more negative if she does not like him.

On the other hand, consider the case b < 0. Now, if Juliet likes Romeo y > 0, then the
by < 0 and it follows that Romeo would like her less.1 Meanwhile, if Juliet has negative
feelings for Romeo y < 0, then by > 0 and he starts to like her more. We all know people
like this!

So, b > 0 corresponds to a healthy reaction to someone else’s affections, while b < 0
is likely to be drama inducing.

The analogous parameter for Juliet is c.

Analysis of the “Healthy Love System”

There are a range of potential outcomes for Romeo and Juliet. What is interesting is that
– without a piece of simple analysis – it is not possible to predict the long-term outcome.
Consider the system when the parameters are set so that Romeo and Juliet have relatively
healthy interactions, i.e.,

a > 0, d > 0, b < 0 c < 0. (3)

We will see that two dramatically different outcomes are possible.
In order to plot the systems, search for “pplane” on Google and click the first link.

You may need to update Java to get it to run. In the entry panel, you can simply type in
the differential equation, and note below how to input the values for a, b, c and d.

1This is like the Woody Allen joke from Annie Hall, “I would never want to be a member of a club that
would have me as a member.” If she likes me there must be something wrong with her, so I’ll like her less!
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Figure 2: At top: the ODE entry panel in pplane. Bottom row: Multiple solutions are
plotted for Examples 1.1 and 1.4.

Example 1.1 (Inevitable Indifference). Let a = −2, b = 1, c = 1, d = −2. Then regardless of
the initial condition,

lim
t→∞

x(t) = 0 and lim
t→∞

y(t) = 0.

Example 1.2 (Inevitable Indifference, Part 2). Let a = −2, b = 1, c = 1, d = −2. Then
regardless of the initial condition,

lim
t→∞

x(t) = 0 and lim
t→∞

y(t) = 0.

Example 1.3 (A critical threshold, Part 2). Let a = −2, b = 4, c = 1, d = −2. In this case,
the outcome of the dynamics depend on the initial condition. I leave it as an exercise to solve a
specific case.

Example 1.4 (Love or Hate). Let a = −2, b = 5, c = 1, d = −2. We see from the phase plot
that indifference is not the outcome in this case. There are two regions (much like the case when
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we were looking at Romeo by himself.

Region I: lim
t→∞

x(t) = ∞ and lim
t→∞

y(t) = ∞.

Region II: lim
t→∞

x(t) = −∞ and lim
t→∞

y(t) = −∞.
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Figure 3: Here is the solution to the initial value problem given in Example 1.1, where
Romeo and Juliet are a bit cautious, and their relationship ends up in a state of indiffer-
ence. In the left panel, we see the solution as depicted in the phase plane. The system
starts at the location (2, 0) and approaches 0, 0 as time goes to infinity. In the right panel,
we see the same solution with x(t) (black) and y(t) (red) plotted in terms of time. Both
approach 0 in the long run, exhibiting exponential decay.

Problem 1. Show that (0, 0) is the only fixed point of the system given in Example 1.1. By
contrast, show that there are infinitely many fixed points in the Example 1.3. Can you determine
which fixed point the initial condition (x0, y0) converges?

Problem 2. Repeat the experiment of slowly changing the value of b, but this time let b =

−1,−3,−5. Explain what you see. (For a particularly pretty example, set a = −2, b = −5,
c = 5 and d = −2.)

Problem 3. Construct systems where the following outcomes are possible:

a) Love and hate: limt→∞ x(t) = ∞, while limt→∞ y(t) = −∞.

b) Love and hate spiraling out to larger and larger values.

c) Star-crossed lovers: A system where solutions are perfect circles, with Romeo and Juliet perma-
nently falling in and out of love with each other.
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Figure 4: In this case, Example 1.4, Romeo is more “excitable” in response to Juliet’s
feelings. b = 5 rather than b = 1. All other parameters are the same. In this case, both x
and y tend to infinity. In other words, they fall in love!

1.2 Lecture (10/17): Classification of 2d linear dynamics

In this section we will adopt matrix-vector notation for the system of ODEs (2). Let

~x(t) :=
(

x(t)
y(t)

)
, and A :=

(
a b
c d

)
.

The notation “:=” means “be defined by”. Then we can rewrite (2) as

~x′(t) = A~x(t) (4)

with ~x = (x0, y0).
In order to study this system, we proceed as we did in previous sections: we postulate

an informed hypothesis for the form of a solution (Guess!) and then look at the conditions
necessary for that form to work as a solution (Check!).

Recall that in 1d, the linear homogeneous constant-coefficient equation is simply ẋ =

rx, which has the solution x(t) = Cert. We will generalize this form to higher dimensions
by making the guess a vector times ert rather than a scalar. In other words, we hypothesize
that solutions to the system (4) have the form

~x′ = ~vert.

Substituting this guess into (4) yields the relationship

(~vert)′ = A~vert.
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Differentiating on the left-hand side yields

r~vert = A~vert. (5)

Since ert is strictly positive, we can divide through by those terms and we are left with a
fundamental condition relating the original matrix A that dictates the dynamics and the
hypothesized pair r and ~v. This relation is A~v = r~v.

Definition 1.5. Let A be a given matrix. Then we say that a scalar r and a vector ~v are an
eigenvalue and eigenvector of the matrix A if

A~v = r~v.

We have shown that ~vert is a solution to (4).

Theorem 1.6 (Auxiliary Equation). Let

A :=

(
a b
c d

)
(6)

and consider the system of differential equations

~x′(t) = A~x(t).

Then there exists a solution of the form ~vert if r satisfies the auxiliary equation

r2 − tr(A)r + det(A) = 0. (7)

where tr(A) = a + d and det(A) = ad− bc.

Let’s explore use this Auxiliary Equation to see if it holds an explanation for the
transition from stable to unstable dynamics in the Romeo and Juliet system.

Analysis of Example 1.1. In this example, the dynamics matrix A is given by

A =

(
−2 1
1 −2

)
.

We readily compute that

tr(A) = (−2) + (−2) = −4, and det(A) = (−2)(−2)− (1)(1) = 3.

Therefore the auxiliary equation (see Theorem 1.8) is

r2 + 4r + 3 = 0
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Figure 5: A better look at the fate of multiple solutions to Examples 1.1 and 1.4. The
dots mark initial conditions and the solutions flow from there. In the left panel, all
solutions run to the origin (asymptotically stable equilibrium). In the right panel they
run to positive or negative infinity (unstable equilibrium).

which has the roots r1 = −1 and r2 = −3. It follows that the general solution to the
system is

~x(t) = C1~v1e−t + C2~v2e−3t

for some unknown vectors ~v1 and ~v2. (To read more about these vectors, see Chapter 9 of
your book.)

Because both roots are negative, all solutions converge to the origin in the long run.

Analysis of Example 1.4. In this example, the dynamics matrix A is given by

A =

(
−2 5
1 −2

)
.

We readily compute that

tr(A) = (−2) + (−2) = −4, and det(A) = (−2)(−2)− (5)(1) = −1.

Therefore the auxiliary equation (see Theorem 1.8) is

r2 + 4r− 1 = 0

which has the roots r1 = −2−
√

5 and r2 = −2 +
√

5. Notice now that one of the roots,
r2, is positive. As a result, the equilibrium at the origin is unstable. Several solutions
starting at a variety of initial conditions are shown in Figure 5.
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We can categorize almost all possible outcomes of linear, homogeneous 2d systems
with a single visualization, called the Trace-Determinant Plane, Figure 6. The categoriza-
tion follows from solving the Auxiliary Equation (7), which yields the following Corollary
to Theorem 1.8.

Corollary 1.7. The roots r1 and r2 of the Auxiliary Equation have the form

r =
tr(A)±

√
tr(A)2 − 4 det(A)

2
. (8)

The equilibrium is asymptotically stable if the real parts of both r1 and r2 are negative. Otherwise,
the equilibrium is unstable.

Much like in Chapter 4 of the book, the next step is to look at the roots of the auxiliary
equation. Because these are roots of a quadratic equation, they may be real or complex.

Theorem 1.8 (Solutions to 2d systems). Let

A :=

(
a b
c d

)
(9)

and consider the system of differential equations

~x′(t) = A~x(t).

1. Suppose that the roots (8) of the auxiliary equation (7) are real and distinct (r1 and r2). Then
there exist vectors ~v1 and ~v2 such that

A~v1 = r1~v1, and A~v2 = r1~v2

and the general solution to the system is given by(
x(t)
y(t)

)
= C1~v1er1t + C2~v2er2t

2. Suppose that the roots (8) of the auxiliary equation (7) are real and repeated (r). Then there
exist linearly independent vectors ~v1 and ~v2 such that

A~v1 = r1~v1

and the general solution to the system is given by(
x(t)
y(t)

)
= C1~v1ert + C2t~v2ert
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3. Suppose that the roots (8) of the auxiliary equation (7) are complex (r = α± βi). Then there
exist linearly independent vectors ~w1 and ~w2 such that the general solution to the system is
given by (

x(t)
y(t)

)
= eαt (C1 ~w1 cos(βt) + C2t ~w2 sin(βt))

In this course, we will not discuss how to derive the vectors listed above, but we
can still learn a remarkable amount about the qualitative dynamics of the system. For
example, with a little bit of algebra, we can derive the following major cases.

Conditions Result Classification

tr(A) > 0
tr(A)2 − 4det(A) > 0 Real, positive roots Unstable node

det(A) > 0

tr(A) > 0
tr(A)2 − 4det(A) < 0 Complex roots, positive real parts Unstable spiral

det(A) > 0

tr(A) < 0
tr(A)2 − 4det(A) < 0 Complex roots, negative real parts Stable spiral

det(A) > 0

tr(A) < 0
tr(A)2 − 4det(A) > 0 Real, negative roots Stable node

det(A) > 0

any value for tr(A) Saddle node
det(A) < 0 Real, opposite sign roots (unstable)

Problem 4. For each of the following systems of ODEs, use the trace-determinant plane to classify
the type of equilibrium that exists at the origin.

a)
ẋ = y

ẏ = −2x− 3y

b)
ẋ = 5x + 10y

ẏ = −x− y

c)
ẋ = 3x− 4y

ẏ = x− y
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Figure 6: The famous “trace-determinant plane.” Image from http://www.civerson.
com/M275/pages/57.html

d)
ẋ = −3x + 2y

ẏ = x− 2y

e)
ẋ = −3x + 4y

ẏ = −2x + 3y

Problem 5. Returning to the Romeo and Juliet problem for a moment. Use the trace-determinant
plane to answer the age-old question: Do opposites truly attract? For given values a (marking
whether love fades or grows) and b (determining healthy or unhealthy responses to each other),
what is the stability of the origin for the following system?

ẋ = ax + by

ẏ = −bx +−ay
(10)

(Why is it fair to call them “opposites” in this case?)
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2 Lecture 10/21: Select nonlinear 2d systems

We wish to analyze two dimensional systems of ODE, which have the general form

ẋ = f (x, y)

ẏ = g(x, y).

There are three basic steps to accomplish the level of qualitative analysis we hope to
achieve.

1. Find all equilibria, i.e. all pairs (x, y) such that f (x, y) = 0 = g(x, y).

2. Compute the Jacobian. J(x, y) =

(
∂ f
∂x

∂ f
∂y

∂g
∂x

∂g
∂y

)
.

3. For each equilibrium, evaluate the Jacobian at that point and use this as the linear
dynamics matrix to classify which type the equilibrium is.

2.1 A worked example

Consider the system
ẋ = −xy + y2 − 1

ẏ = 1− ex.
(11)

Step 1: Finding equilibria.
To find the equilibria we set ẋ = ẏ = 0 and need to find solutions to the system

0 = −xy + y2 − 1

0 = 1− ex.

From the second equation, we see that ex = 1 so for any equilibrium it must be true that
x = 0. If we plug this condition into the first equation, we see that y2 = 1 is the other
condition for an equilibrium. Therefore, there are two equilibria: (0, 1) and (0,−1).
Step 2: Compute the Jacobian.

J(x, y) =

(
∂ f
∂x

∂ f
∂y

∂g
∂x

∂g
∂y

)
=

(
−y 2y− x
−ex 0

)
.

Step 3: Evaluate the Jacobian at the equilibria and classify.
The equilibrium (0, 1). Evaluating the Jacobian at the equilibrium yields

J(0, 1) =

(
−1 2
−1 0

)
.
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The trace of this matrix (the sum of the diagonals) is −1 + 0 = −1 and the determinant is
(−1)(0)− (−1)(2) = 2. Using Equation (8) for the roots of the auxiliary equation (7) we
see that

r =
−1±

√
(−1)2 − 4(2)

2
= −1

2
± i

2

√
7

Because the roots of the auxiliary equation are complex with negative real part we classify
the equilibrium as a Stable spiral.

Figure 7: The example system (11) has two equilibria, (0, 1) and (0,−1). They are
classified as a stable spiral and a saddle node respectively.

The equilibrium (0,−1). Evaluating the Jacobian at the equilibrium yields

J(0,−1) =

(
1 −2
−1 0

)
.

The trace of this matrix (the sum of the diagonals) is 1 + 0 = 1 and the determinant is
(1)(0)− (1)(2) = −2. Using Equation (8) for the roots of the auxiliary equation (7) we
see that

r =
1±

√
(1)2 − 4(−2)

2
= −1

2
± 3

2
Because the roots of the auxiliary equation are real and distinct with opposite signs we
classify the equilibrium as a Saddle node.

Looking at Figure 7 we see that the method got the classifications correct!
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Problem 6. We ended class today looking at the following system.

ẋ = −axy + c(1− x− y)

ẏ = axy− by

We showed that (1, 0) is an equilibrium. Find a second equilibrium (x∗, y∗) of this system. Under
what conditions does this equilibrium fall in the unit square with 0 < x∗ < 1 and 0 < y∗ < 1?

Classify both equilibria for the following parameter sets

a = 3, b = 1, c = 3

a = 1, b = 3, c = 3.

2.2 Rabbits vs. Sheep: The cute and cuddly death match

Let x(t) and y(t) denote the population of rabbits and sheep respectively. When the
species are not interacting their populations evolve according to the logistic equation

ẋ = r1x
(
1− x

k1
)

ẏ = r2y
(
1− y

k2
).

Because they compete for the same resource, when the animals are released in the
same territory, they have a negative influence on each other. This is captured by adding a
nonlinear term into each equation:

ẋ = r1x
(
1− x

k1
)− axy

ẏ = r2y
(
1− y

k2
)− bxy

Note the presence of the negative signs in front of the new terms in both equations.
In class we worked an example with the following choices of constants: r1 = 3, k1 =

3, a = 2, r2 = 2, k2 = 2, b = 1, which simplifies to

ẋ = x(3− x− 2y) (12)

ẏ = y(2− x− y). (13)

We found that there were four distinct fixed points:

(x∗, y∗) = (0, 0), (0, 2), (3, 0), (1, 1)

These are all points that, when plugged into equations (12) and (13), will result in ẋ = 0
and ẏ = 0.
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Figure 8: Putting it all together. Each of these curves represents a possible solution curve.
Following the arrows, we see that all paths will either converge in the long run to one of
the two stable nodes: all rabbits or all sheep. (Figure made with PPLANE.)

We can classify the type of the fixed point by computing the Jacobian of the right-hand
side of equations (12) and (13). The definition of the Jacobian is

J(x, y) =


∂ f
∂x

∂ f
∂y

∂g
∂x

∂g
∂y


In our case, the Jacobian is given by

J(x, y) =

 3− 2x− 2y −2x

−y 2− x− 2y

 .

It only remains to plug in the values of the various fixed points and classify their type
using the trace-determinant plane (or the table on page 732).

The coexistence fixed point, (1,1): saddle node (unstable)

J(1, 1) =

(
−1 −2
−1 −1

)
.
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which is a matrix with trace = −2 and det = −1 meaning it is a saddle node. Because a
saddle node has one stable and one unstable direction, this means that the coexistence
fixed point is unstable.

The rabbits-only fixed point, (3,0): nodal sink (stable)

J(3, 0) =

(
−3 −6
0 −1

)
.

which is a matrix with trace = −4 and det = 3. Because the trace is negative and
the determinant is positive, we know that this fixed point is either a nodal sink (if the
characteristic equation has real roots) or a spiral sink (complex roots). We therefore must
check the sign of tr2 − 4det, which is 16− 12 = 4 > 0. This implies real distinct roots, so
this fixed point is a nodal sink.

The sheep-only fixed point, (0,2): nodal sink (stable)

J(3, 0) =

(
−1 0
−2 −2

)
.

which is a matrix with trace = −3 and det = 2. Again the trace is negative and the
determinant is positive, so we know that this fixed point is either a nodal sink (if the
characteristic equation has real roots) or a spiral sink (complex roots). We therefore must
check the sign of tr2 − 4det, which is 9− 8 = 1 > 0. This implies real distinct roots, so
this fixed point is a nodal sink.

The no animal fixed point, (0,0): nodal source (unstable)

J(0, 0) =

(
3 0
0 2

)
.

which is a matrix with trace = 5 and det = 6. Now the trace is positive and the de-
terminant is positive, so we know that this fixed point is either a nodal source (if the
characteristic equation has real roots) or a spiral source (complex roots). We therefore
must check the sign of tr2 − 4det, which is 25− 24 = 1 > 0. This implies real distinct
roots, so this fixed point is a nodal source.

2.3 Rabbits vs. foxes: The bloody and violent long-term stability

Predator-prey relationships play out differently. Here we change two assumptions:

• The predator (foxes) cannot survive without having rabbits to eat. On their own,
their population would satisfy ẏ = −ry, which is simple exponential decay.
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• The presence of the rabbits is good for foxes.

Our model for rabbits and foxes has the general form

ẋ = r1x
(
1− x

k1

)
− αxy

ẏ = −r3y + βxy

Problem 7. Your job is to analyze this system in the following cases.

1. r1 = 3, k1 = 3, α = 2, r3 = 3, β = 2.

2. r1 = 1, k1 = 3, α = 2, r3 = 3, β = 2.

3. r1 = 1, k1 = 1, α = 2, r3 = 3, β = 2.

In both cases there is a no-animal fixed point (0, 0) and a rabbits-only fixed point (1, 0). Your
assignment is to classify the stability of each. Furthermore you should determine whether or not
there is a coexistence fixed point. If so, classify its type.

I have provided a plot of the first case in Figure 9 to help make sure you’re on the
right track. But the story changes in the third case. Can you explain the difference?

Figure 9: Depending on the parameters, there can be a stable coexistence between rabbits
and foxes. Counterintuitively, competition with sheep is more deadly for rabbits as a
group than is competition with foxes! (Figure made with PPLANE.)
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2.4 Epidemics

We are finally ready to address the question posed at the start of this section. What is the
nature of the long-term behavior of an SIR (Susceptible-Infected-Recovered) Epidemic?

Our model has the following form:

Ṡ = −αSI + γR

İ = αSI − βI

Ṙ = βI − γR

We can reduce the size of the system by recalling that we assumed that the population is
constant, i.e. S + I + R = N The dynamics reduce to

Ṡ = −αSI + γ(N − S− I)

İ = αSI − βI

Problem 8. Find a fixed point that has both S > 0 and I > 0 and classify its type when

α = 5, β = 2, γ = 1, and N = 1.
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A Solutions

Solution 1. Setting ẋ = ẏ = 0 in the system in Problem 1 gives the system of equations

−2x + y = 0

x− 2y = 0.

We immediately see that (x, y) = (0, 0) is a solution. To show there are no more solutions,
multiply the first equation by 2 and add it to the second. We get −3x = 0 meaning x = 0.
Plugging x = 0 into the first equation then leaves y = 0. So there are no fixed points other
than (0, 0).

Setting ẋ = ẏ = 0 in the system in Problem 1 gives the system of equations

−2x + 4y = 0

x− 2y = 0.

Again (0, 0) is an equilibrium. In this case any two points satisfying x = 2y is a fixed
point.

Regarding which fixed point the given solution approaches, this is still to come.

Solution 2. The system becomes a stable spiral. To confirm this, we conduct a stability
analysis. The dynamics matrix is

A =

(
−2 b
1 −2

)
.

We calculate that tr(A) = −2− 2 = −4, while det(A) = (−2)(−2)− b = 4− b. The roots
of the auxiliary equation are then

r = −2± 1
2

√
16− 4(4− b) = −2±

√
b.

This implies that for all b < 0, the system has complex roots with negative real part.
Therefore it is a Stable Spiral.

Solution 3. There are many acceptable answers for these questions.

a) We need to do is make Juliet react negatively to good feelings from Romeo while
Romeo has good feelings in response to her negativity. So BOTH need an unhealthy
reaction term, i.e. b and c should be negative. To make the situation explosive, set a
and d to be positive. One important note is that the initial condition is important. The
following scenario works:

A =

(
2 −1
−1 2

)
, with x(0) = 2 and y(0) = 0.
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b)

A =

(
1 −1
1 0

)

c)

A =

(
0 −1
1 0

)

Solution 4. Recall the definition of the discriminant, tr(A)2 − 4det(A).

a) Trace = -3, Det = 2. Discriminant positive. Then the Auxiliary Equation has real,
negative roots. Stable Node.

b) Trace = 4, Det = 5. Discriminant negative. The the Auxiliary equation has complex
roots with positive real parts. Unstable spiral.

c) Trace = 2, Det = 1. Discriminant = 0. This is note one of the five types we have studied.
It is a Degenerate case.2

d) Trace = -5, Det = 4. Discriminant = 9. The auxiliary equation has the roots r = −4, r =
−1. This is a Stable Node.

e) Trace = 0, Det = -1. Discriminant = 4. The auxiliary equation has the roots r = −1, r =
1. This is a Saddle Node.

Solution 5. The dynamics matrix is A =

(
a b
−b −a

)
.

We see that tr(A) = 0 while det(A) = b2− a2. It follows that the roots of the auxiliary
equation are r = ±

√
a2 − b2. Therefore a > b then the roots of the auxiliary equation

are real with opposite signs, a Saddle Node. On the other hand, if a < b, then we have
complex roots with 0 real part, a Center. When the dynamics are set by a center, the
dynamics of the lovers in the phase plane take the shape of an ellipse (or a circle if a = b).
In this case, the lovers forever fall in and out of love and hate. For the saddle node, the
fate of the lovers depends on the eigenvectors associated with the eigenvalues. This is a
skill we have not developed yet.

For the record, the eigenvector associated with the positive eigenvalue is ~v = (1,− a
b −√( a

b

)2 − 1), meaning that solutions will go to infinity in the second and fourth quadrants.
In terms of our Romeo and Juliet story, depending on the initial condition, one will fall
in love while the other falls in hate.

2Apologies. This is the result of the typo. The −4 should have been a 4 in the original problem, yielding
a saddle node. Unlucky typo!!!

Scott A. McKinley 20



� A Solutions

Solution 6. The second equilibrium is (x∗, y∗) =

(
b
a

,
c(1− b

a )

b + c

)
.

If b < a then x∗ and y∗ are both between 0 and 1. You can see this by noting that y∗
can be rewritten as y∗ = (1− b

a )/(1 +
b
c ).

To classify the equilibria, we will have to compute the Jacobian. The general form is

J(x, y) =


∂ f
∂x

∂ f
∂y

∂g
∂x

∂g
∂y

 =

(
−ya− c −ax− c

ay ax− b

)

For the case a = 3, b = 1, c = 3 the two equilibria are (1, 0) and (x∗, y∗) = ( 1
3 , 1

2 ). To
classify the equilibrium at (1, 0) we compute the Jacobian at that point:

J(1, 0) =

(
−3 −6
0 2

)

The trace of this matrix is -1 and the determinant is -6. This means that the roots of
the auxiliary equation will real and have opposite signs, so the equilibrium is a Saddle

Node.
To classify the other equilibrium, we evaluate the Jacobian to be

J
(

1
3

,
1
2

)
=

(
− 9

2 −4
3
2 0

)

which has a trace of − 9
2 and a determinant of 6. It follows that the roots of the auxiliary

equation are complex with negative real part, the equilibrium is a stable spiral.
For the case a = 1, b = 3, c = 3, the equilibria are (1, 0) and (3,−1). The equilibrium

at (1, 0) is semi-stable (the auxiliary equation has one negative root and a root that is 0),
and the other is an Unstable Spiral.
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